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COMPLEX NILMANIFOLDS AND KA¨HLER-LIKE CONNECTIONS
QUANTING ZHAO AND FANGYANG ZHENG
Abstract. In this note, we analyze the question of when will a complex nilmanifold have
Ka¨hler-like Strominger (also known as Bismut), Chern, or Riemannian connection, in the
sense that the curvature of the connection obeys all the symmetries of that of a Ka¨hler
metric. We give a classification in the first two cases and a partial description in the third
case. It would be interesting to understand these questions for all Lie-Hermitian manifolds,
namely, Lie groups equipped with a left invariant complex structure and a compatible left
invariant metric.
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1. Introduction
On a Hermitian manifold (Mn, g), the concept of a metric connection D being Ka¨hler-like
traces back to the pioneer work of Gray and others in the 1960s, where they considered various
types of special Hermitian and almost Hermitian metrics when the Riemannian curvature tensor
satisfies various symmetry conditions. In [14], Bo Yang and the second named author followed
their lead and introduced the term Ka¨hler-like for the Riemannian and Chern connections.
Angella, Otal, Ugarte, and Villacampa [1] generalized it to any metric connection on a Hermitian
manifold.
For a metric connection D on a Hermitian manifold (Mn, g), its curvature RD is given by
RD(X,Y, Z,W ) = 〈DXDY Z −DYDXZ −D[X,Y ]Z, W 〉,
where g( , ) = 〈 , 〉 and X , Y , Z, W are tangent vectors in Mn. RD is skew-symmetric with
respect to its first two positions by definition, and is skew-symmetric with respect to its last two
positions since Dg = 0. D is said to be Ka¨hler-like, if RD satisfies the symmetry conditions
RD(X,Y, Z,W ) = RD(Z, Y,X,W ), RD(X,Y, JZ, JW ) = RD(X,Y, Z,W ),
for any tangent vectors X , Y , Z, W in Mn. Note that the second condition is always satisfied
when DJ = 0. So for Hermitian connections (namely, those with Dg = 0 and DJ = 0), the
Ka¨hler-like condition simply means that the curvature is symmetric with respect to its first and
third positions.
Given a Hermitian manifold (Mn, g), we will denote by ∇, ∇c, and ∇s the Riemannian,
Chern, and Strominger (aka Bismut or KT) connection, respectively. Note that ∇s is the unique
Hermitian connection on Mn whose torsion is totally skew-symmetric. It appeared explicitly in
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[11] in 1986 (where he called it the H-connection), prior to Bismut’s paper [2] which appeared in
1989. For that reason we think it would be more appropriate to call it Strominger connection1,
and we shall do so from now on.
These three canonical connections coincide when g is Ka¨hler, and are mutually distinct when
g is not Ka¨hler. For each of these connections, there are Ka¨hler-like examples that are non-
Ka¨hler. Some necessary conditions were obtained, for instance, it was observed in [14] that if
(Mn, g) is a compact Hermitian manifold that is either Riemannian Ka¨hler-like or Chern Ka¨hler-
like, then the metric g must be balanced. Also, it was conjectured by Angella, Otal, Ugarte,
and Villacampa [1] and proved recently by the authors [16] that any Strominger Ka¨hler-like
manifold is plurisclosed (also known as SKT, or Strong Ka¨hler with torsion). However, a full
classification of such manifolds seems to be still far away.
In this note, we restrict ourselves to a very special type of Hermitian manifolds, namely, the
complex nilmanifolds, and try to understand the Ka¨hler-like conditions amongst such manifolds.
For the sake of simplicity, let us call (G, J, g) a Lie-Hermitian manifold if G is a Lie group,
J a left invariant complex structure on G, and g a left invariant metric on G compatible with
J . It is a highly restrictive type of Hermitian manifolds in the sense that it is topologically
parallelizable and also admits a flat connection D that is Hermitian (namely, DJ = Dg = 0).
One can simply take a unitary frame of left invariant vector fields on G and use it as the parallel
frame to define the connection D. Note that D is an Ambrose-Singer connection (in the sense
that both its torsion and curvature are parallel under D).
It would certainly be a very interesting question and perhaps also a somewhat realistic goal to
try to classify all Lie-Hermitian manifolds that are Riemannian, Chern, or Strominger Ka¨hler-
like. In this note, we will prove the following statements which are partial answers in the special
case when the Lie group G is nilponent.
Theorem 1. Let (G, J, g) be a Lie-Hermitian manifold, namely, G is a Lie group equipped with
a left invariant complex structure J and a compatible left invariant metric g. If G is nilpotent,
then (G, J, g) is Strominger Ka¨hler-like if and only if the Lie algebra g of G is the following type
of at most 2-step nilpotent Lie algebra:
There exists an orthonormal basis {X1, . . . , Xs} of n = [g, g] and an orthonormal basis
{ε1, . . . , ε2n} of g with Jεi = εn+i for each 1 ≤ i ≤ n, such that
n+Jn = span{εr+1, . . . , εn; εn+r+1, . . . , ε2n},
and positive constants λ1, . . . , λs such that the only non-trivial Lie brackets under {ε} are
[εi, εn+i] = λiXi, 1 ≤ i ≤ s.
Note that the nonnegative integer s satisfies n− r ≤ s ≤ min{r, 2(n− r)}, and the complex
structure J is abelian. The Ka¨hler case corresponds to s = 0 and r = n.
We can write the above in the more familiar complex notations. Let ei =
1√
2
(εi−
√−1εn+i)
be the unitary frame and ϕ the dual coframe. The above theorem simply says that when G
is nilpotnet, the Lie-Hermitian manifold (G, J, g) is Strominger Ka¨hler-like if and only if there
exists an left invariant unitary coframe ϕ and integers 0 ≤ s ≤ r ≤ n with (n−r) ≤ s ≤ 2(n−r)
such that
(1) dϕi = 0, 1 ≤ i ≤ r; dϕα =
s∑
i=1
Yiαϕiϕi, r+1 ≤ α ≤ n,
where r is exactly the complex dimension of the space of all d-closed left invariant (1, 0)-forms
and the constants Yiα satisfies
(2)
n∑
α=r+1
(YiαYkα + YiαYkα) = 0 ∀ 1 ≤ i 6= k ≤ s.
1We would like to thank Professor Yau for pointing out this historic fact to us.
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These constants are related to the orthonormal basis {Xi} of n by
λiXi =
√−1
n∑
α=r+1
(Yiαeα − Yiα eα).
In low dimensions, one can express these constants more explicitly and write down the fol-
lowing “normal forms”:
Corollary 2. Let (G, J, g) be a nilpotent Lie-Hermitian manifold of complex dimension n ≤ 6.
It is Strominger Ka¨hler-like if and only if it admits a left invariant unitary coframe ϕ such that
(i) when n = 2, {
dϕ1 = 0,
dϕ2 = λϕ1ϕ1,
(ii) when n = 3, {
dϕ1 = dϕ2 = 0,
dϕ3 = λϕ1ϕ1 + ia ϕ2ϕ2,
(iii) when n = 4, either {
dϕ1 = dϕ2 = dϕ3 = 0,
dϕ4 = λϕ1ϕ1 + ia ϕ2ϕ2,
or 

dϕ1 = dϕ2 = 0,
dϕ3 = λ1 ϕ1ϕ1 + ia ϕ2ϕ2,
dϕ4 = λ2 ϕ2ϕ2,
(iv) when n = 5, either {
dϕ1 = dϕ2 = dϕ3 = dϕ4 = 0,
dϕ5 = λϕ1ϕ1 + ia ϕ2ϕ2,
or 

dϕ1 = dϕ2 = dϕ3 = 0,
dϕ4 = λ1 ϕ1ϕ1 + ia ϕ2ϕ2 + ib ϕ3ϕ3,
dϕ5 = λ2 ϕ2ϕ2 + (ic− abλ2 )ϕ3ϕ3,
(v) when n = 6, either {
dϕ1 = dϕ2 = dϕ3 = dϕ4 = dϕ5 = 0,
dϕ6 = λϕ1ϕ1 + ia ϕ2ϕ2,
or 

dϕ1 = dϕ2 = dϕ3 = dϕ4 = 0,
dϕ5 = λ1 ϕ1ϕ1 + ia ϕ2ϕ2 + ib ϕ3ϕ3 + ic ϕ4ϕ4,
dϕ6 = λ2 ϕ2ϕ2 + (ix− abλ2 )ϕ3ϕ3 + (iy− acλ2 )ϕ4ϕ4,
or 

dϕ1 = dϕ2 = dϕ3 = 0,
dϕ4 = λ1 ϕ1ϕ1 + ia ϕ2ϕ2 + ib ϕ3ϕ3,
dϕ5 = λ2 ϕ2ϕ2 + (ic− abλ2 )ϕ3ϕ3,
dϕ6 = λ3 ϕ3ϕ3,
where the constants a, b, c, x, y, λ, λ1, λ2, λ3 are all real, with λ ≥ 0, λ1 > 0, λ2 > 0, λ3 > 0.
The n = 2 case (when λ > 0) corresponds to the Kodaira surfaces. The n = 3 case was
obtained by Angella, Otal, Ugarte, and Villacampa [1]. They examined all t-Gauduchon Ka¨hler-
like manifolds amongst all nilmanifolds and Calabi-Yau type solvmanifolds with n = 3.
For the Chern Ka¨hler-like condition, we have the following
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Theorem 3. Let (G, J, g) be a Lie-Hermitian manifold, namely, G is a Lie group equipped with
a left invariant complex structure J and a compatible left invariant metric g. If G is a nilpotent,
then (G, J, g) is Chern Ka¨hler-like if and only if it is Chern flat, namely, (G, J) is a complex
Lie group.
The n = 3 case of this result was proved by Angella, Otal, Ugarte and Villacampa [1], where
they examined all nilmanifolds and Calabi-Yau type solvmanifolds of the complex dimension
n = 3 and concluded that all Chern Ka¨hler-like examples there are actually Chern flat.
Of course we do believe that there should be examples of compact Chern Ka¨hler-like manifolds
that are not Chern flat, perhaps even among (compact quotients of) Lie-Hermitian manifolds,
but so far we do not know of any such example yet.
Similarly, for the Riemannian Ka¨hler-like condition, we have the following negative statement
Theorem 4. Let (G, J, g) be a Lie-Hermitian manifold, namely, G is a Lie group, J a left
invariant complex structure on G, and g a left invariant metric on G compatible with J . If J
is a nilpotent complex structure in the sense of Cordero, Ferna´ndez, Gray and Ugarte [3], then
(G, J, g) is Riemannian Ka¨hler-like if and only if G is abelian.
Note that when J is nilpotent, the Lie group G must be nilpotent as in [3, Theorem 13], but
the converse is not true, namely, there are examples of nilpotent G with non-nilpotent complex
structure J . We do believe that the above statement should still be true under the broader
assumption that G is nilpotent, but at this point we do not know how to prove it, and thus we
settle with the stronger assumption that J is nilpotent.
2. The Strominger Ka¨hler-like case
Let us start with a Lie-Hermitian manifold (G, J, g). We will follow the notations of [12]. Let
e be a unitary frame of left invariant vector fields of type (1, 0) on G, with ϕ the dual coframe.
We will also denote by e the corresponding unitary basis of g1,0, the (1, 0)-part of gC, which is
the comlexification of the Lie algebra g of G.
Extend the inner product g(, ) = 〈 , 〉 linearly on gC, and denote by
(3) Cjik = 〈[ei, ek], ej〉, Djik = 〈[ej , ek], ei〉
the structure constants. Then the Chern torsion components and the Strominger connection
coefficients are
2T jik = −Cjik −Djik +Djki,(4)
Γjik := 〈∇sekei, ej〉 = Djik + 2T jik = −Cjik +Djki.(5)
The covariant differentiation of the torsion with respect to ∇s are given by
T
j
ik,ℓ =
n∑
p=1
(−T jpkΓpiℓ − T jipΓpkℓ + T pikΓjpℓ),(6)
T
j
ik,ℓ
=
n∑
p=1
(T jpkΓ
i
pℓ + T
j
ipΓ
k
pℓ − T pikΓpjℓ),(7)
and the structure equation is given by
(8) dϕj = −1
2
n∑
i,k=1
C
j
ikϕi ∧ ϕk −
n∑
i,k=1
Dijk ϕi ∧ ϕk.
The following result of Enrietti, Fino, and Vezzoni [4] will be a crucial starting point for the
proof of Theorem 1 (see also [6, Lemma 2.2]):
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Lemma 1 ([4]). If G is nilpotent and g is pluriclosed, then there exists a left invariant unitary
coframe ϕ and an integer 1 ≤ r ≤ n such that
dϕi = 0, 1 ≤ i ≤ r;(9)
dϕα = −1
2
r∑
i,k=1
Cαikϕi ∧ ϕk −
r∑
i,k=1
Diαk ϕi ∧ ϕk, r+1 ≤ α ≤ n.(10)
Throughout this section, we will use the index range convention that
1 ≤ i, j, k, . . . ≤ r and r+1 ≤ α, β, γ, . . . ≤ n.
The above lemma says that, when G is nilpotent and g is pluriclosed, the only possibly non-zero
components of C and D are Cαik and D
i
αk. From this, we know that the only possibly non-zero
components of T and Γ are
2Tαik = Γ
α
ik = −Cαik, 2T ikα = Γikα = Diαk,
while Γiαk = 0. Plugging this into the derivative formula (7), we get the following
Lemma 2. If G is nilpotent, g is pluriclosed, and ∇sT = 0, then C = 0, namely, the complex
structure J is abelian.
Proof. Since Tααk = 0 and Γ
∗
αk = 0, by the derivative formula (7), we get
0 = Tα
αk,k
=
∑
p
TαpkΓ
α
pk =
1
2
∑
p
|Cαpk|2
for any α and k, Therefore C = 0. 
By this lemma we have C = 0, so now the only possibly non-zero components of T and Γ are
2T ikα = Γ
i
kα = D
i
αk.
From the derivative formula (6) and (7), it is easy to establish the following
Lemma 3. If G is nilpotent and g is pluriclosed, then ∇sT = 0 if and only if C = 0 and
DαDβ = DβDα, D
∗
αDβ = DβD
∗
α
for any α, β.
Here we denoted by Dα the r × r matrix, whose (i, j)-th entry is Djαi. The above lemma
says that these Dα form a set of commuting normal matrices, hence they can be simultaneously
diagonalized by unitary matrices, namely, there exists a unitary matrix P ∈ U(r) such that
UDαU
∗ is diagonal for each α.
Proof of Theorem 1. Let (G, J, g) be a Lie-Hermitian manifold that is Strominger Ka¨hler-like
and assume that G is nilpotent. Then by [16, Corollary 4], we know that g is pluriclosed and
∇sT = 0. Hence the above lemmata imply that there exists a unitary left invariant coframe ϕ
and an integer 1 ≤ r ≤ n such that
dϕi = 0, 1 ≤ i ≤ r;(11)
dϕα =
r∑
i=1
Yiαϕi ∧ ϕi, r+1 ≤ α ≤ n.(12)
Note that here we have performed a unitary change on {ϕ1, . . . , ϕr} if necessary, to ensure that
all Dα are diagonal: D
k
αi = −Yiα δik.
Let us denote by ξα the column vector with entries Yiα, 1 ≤ i ≤ r. By performing a
unitary change of {ϕr+1, . . . , ϕn} if necessary, we may assume that the collection {ξr˜+1, . . . , ξn}
is linearly independent for some integer r˜ possibly larger than r and ξα = 0 for r + 1 ≤ α ≤ r˜.
This means that the r × (n − r˜) matrix (Yiα) has rank n − r˜. Note that now r˜ stands for the
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complex dimension of the space of all d-closed left invariant (1, 0)-forms on G and the structure
equation amounts to
(13) dϕi = 0, 1 ≤ i ≤ r˜; dϕα =
r∑
i=1
Yiαϕiϕi, r˜+1 ≤ α ≤ n.
Since ∂ϕα = 0 for r˜ + 1 ≤ α ≤ n, we get ∂(ϕαϕα) = ∂ϕα ∧ ϕα and
∂∂(ϕαϕα) = ∂(∂ϕα ∧ ϕα) = ∂ϕα ∧ ∂ϕα
= −
r∑
i,k=1
YiαYkα ϕi ϕi ϕk ϕk.
Therefore, the pluriclosed condition ∂∂ωg = 0 is equivalent to
(14)
n∑
α=r˜+1
(YiαYkα + YkαYiα) = 0, ∀ 1 ≤ i 6= k ≤ r.
Denote by yi the vector in C
n−r˜ whose entries are Yiα. We have
〈yi, yk〉+ 〈yk, yi〉 = 0, ∀ 1 ≤ i 6= k ≤ r.
Let us write Yiα = Uiα +
√−1Viα for the real and imaginary parts, and write ui = (Uiα),
vi = (Viα) for the vectors in R
n−r˜. It follows that yi = ui +
√−1vi. Let us also denote by
xi = (−vi, ui) the vector in R2(n−r˜). The above condition on yi when translated in terms of xi
becomes
〈xi, xk〉 = 0, ∀ 1 ≤ i 6= k ≤ r,
that is, the vectors {x1, . . . , xr} in R2(n−r˜) are pairwisely perpendicular to each other. Let s be
the number of non-zero xi, and by a permutation if necessary, we may assume that xi 6= 0 for
each 1 ≤ i ≤ s, while xi = 0 for each s + 1 ≤ i ≤ r. Clearly, s ≤ 2(n − r˜) and we also know
that s ≥ n− r˜ as there are only s rows in (Yiα) that are non-zero, whereas the matrix has rank
n− r˜. Hence we know that s is in the range
n−r˜ ≤ s ≤ min{r, 2(n−r˜)} ≤ min{r˜, 2(n−r˜)},
and {x1, . . . , xs} form an orthogonal basis for a s-dimensional subspace of R2(n−r˜).
Then let us express things in terms of vector fields. Let e be the left invariant unitary frame
dual to ϕ. Under the frame {ea, ea}2na=1 of gC, the only non-trivial Lie brackets are
[ei, ei] =
n∑
α=r˜+1
(Yiαeα − Yiα eα), 1 ≤ i ≤ r.
When we write ea =
1√
2
(εa −
√−1εn+a), it yields that, under the basis {εa, εn+a}na=1 of g, the
only non-zero brackets are
[εi, εn+i] =
√−1 [ei, ei] =
√
2
n∑
α=r˜+1
(Uiαεn+α − Viαεα) =
√
2 xi, 1 ≤ i ≤ s,
since xi = 0 for s + 1 ≤ i ≤ r. If we normalize
√
2xi = λiXi with λi > 0 and |Xi| = 1, then
{X1, . . . , Xs} form an orthonormal basis of n = [g, g].
Conversely, if a Lie-Hermitian manifold (G, J, g) satisfies the description in Theorem 1. It is
easy to see that it is Strominger Ka¨hler-like. This completes the proof of Theorem 1. 
As to the proof of Corollary 2, since it is an easy consequence of the condition (2) and the
above considerations, therefore we omit it here.
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3. The Chern and Riemannian Ka¨hler-like cases
In this section, we would like to prove Theorem 3 and 4 stated in the introduction. Let
(G, J, g) be a Lie-Hermitian manifold and e be a left invariant unitary frame with dual coframe
ϕ as before. The coefficients of the Chern connection ∇c under e are given by
(15) Γˆjik := 〈∇cekei, ej〉 = Djik,
hence the covariant derivatives of the torsion in ∇c become
T
j
ik;ℓ =
n∑
r=1
(−T jrkDriℓ − T jirDrkℓ + T rikDjrℓ),(16)
T
j
ik;ℓ
=
n∑
r=1
(T jrkD
i
rℓ + T
j
irD
k
rℓ − T rikDrjℓ).(17)
The Jacobi identity, or equivalently, the exterior differentiation of the structure equation (8),
gives the following identities for the structure constants C and D (cf. [12, Lemma 2.1]):
n∑
r=1
(
CrijC
ℓ
rk + C
r
jkC
ℓ
ri + C
r
kiC
ℓ
rj
)
= 0,(18)
n∑
r=1
(
CrikD
ℓ
jr +D
r
jiD
ℓ
rk −DrjkDℓri
)
= 0,(19)
n∑
r=1
(
CrikD
r
jℓ − CjrkDirℓ + CjriDkrℓ −DℓriDkjr +DℓrkDijr
)
= 0(20)
for any indices i, j, k, and ℓ. Since 2T jik = −Cjik −Djik +Djki, by (17) and (20), we get
2T j
ik;ℓ
= −(Cjrk +Djrk −Djkr)Dirℓ − (Cjir +Djir −Djri)Dkrℓ + (Crik +Drik −Drki)Drjℓ
= −(Djrk −Djkr)Dirℓ − (Djir −Djri)Dkrℓ + (Drik −Drki)Drjℓ + (DℓriDkjr −DℓrkDijr).(21)
Proof of Theorem 3. Suppose that (G, J, g) is a Lie-Hermitian manifold, and assume that G
is a nilpotent. By the famous result of Salamon [10, Theorem 1.3], there will be a coframe ϕ of
left invariant (1, 0)-forms on G such that
dϕ1 = 0, dϕi = I{ϕ1, . . . , ϕi−1}, ∀ 2 ≤ i ≤ n,
where I stands for the ideal in exterior algebra of the complexified cotangent bundle generated
by those (1, 0)-forms. Clearly, one can assume that ϕ is also unitary. In terms of the structure
constants C and D, this means that
(22) Cjik = 0 unless j > i or j > k; D
i
jk = 0 unless j > i.
Assume that g is Chern Ka¨hler-like. By [14] we know that this is equivalent to the condition
that T j
ik;ℓ
= 0 for any indices i, j, k, and ℓ. Hence the sum of the terms in the line (21) vanishes.
If we take j = k = n there, since Dn∗∗ = 0, it yields that∑
r
{(
Drin −Drni
)
Drnℓ −DℓrnDinr
}
= 0
for any i, ℓ. Taking i = ℓ and summing over, we get∑
i,r
|Drni|2 =
∑
i,r
DrinD
r
ni −
∑
i,r
DirnD
i
nr = 0.
Therefore we conclude that D∗n∗ = 0. To see that D
∗
∗n = 0, let us take k = ℓ = n in (21) and
use the fact that Dn∗∗ = D
∗
n∗ = 0, which yields that∑
r
{−DjrnDirn +DrinDrjn} = 0.
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If we write P = (Pij) = (D
j
in), the above equation simply says that P
∗P = PP ∗, that is, P is
normal hence diagonalizable. But by (22), P is strictly lower triangular, hence nilpotent and all
of its eigenvalues are zero. This means that P = 0, so we have shown that D vanishes whenever
any of the indices is n. Now repeat the argument by taking j = k = n − 1 in (21) etc., from
which we get D vanishes whenever any of its indices is n− 1. Keep on going with this process
and we see that D = 0 for all indices. Therefore (G, J) is a complex Lie group and g is Chern
flat. This concludes the proof of Theorem 3. 
Let us now turn our attention to the Riemannian Ka¨hler-like case. In this case the easiest
covariant derivatives to use are those with respect to the so-called 0-Gauduchon connection ∇0,
defined by
∇0XY =
1
2
(∇XY − J∇XJY )
for any tangent vector fields X and Y . It is just the Hermitian projection of the Riemannian
(Levi-Civita) connection ∇, and is also called the Lichnerowicz connection in some literature.
It is easy to see that ∇0 = 12 (∇c +∇s). In the remainder of this section, we will denote by T jik,ℓ
and T j
ik,ℓ
the covariant derivatives of the Chern torsion under the connection ∇0. First we have
the following
Lemma 4. If a Hermitian manifold (Mn, g) is Riemannian Ka¨hler-like, then under any local
unitary frame e it holds
T
j
ik,ℓ =
n∑
r=1
T rikT
j
rℓ,(23)
T
j
ik,ℓ
= T ℓ
ik,j
,(24)
for any indices, where the indices after comma stands for covariant derivatives with respect to
the 0-Gauduchon connection ∇0.
Proof. Let us use the notation of [14] and denote by ∇e = θ1e+ θ2e the connection matrices of
∇ under the frame {e, e}. Then ∇0e = θ1e as Je =
√−1e and Je = −√−1e. We have
θ1 = θ + γ, γij = T
j
ikϕk − T ijkϕk, (θ2)ij = T kijϕk,
where ϕ is the unitary coframe dual to e and θ the connection matrix of ∇c under e.
By [14, Lemma 5], we know that g is Riemannian Ka¨hler-like if and only if
Θ2 := dθ2 − θ2θ1 − θ1θ2 = 0.
Let us fix a point x ∈M and take a local unitary frame e near x so that θ1 vanishes at x. Note
that this can always be managed for any given Hermitian connection by the same proof of [14,
Lemma 4]. So at the point x, we have θ = −γ, and by the structure equation together with the
fact tγ′ϕ = −τ , it yields that
dϕ = − tθϕ+ τ = tγϕ+ τ = −γ′ϕ.
Here γ′ is the (1, 0)-part of γ. So at the point x, it follows that ∂ϕ = 0 and ∂ϕ = −γ′ϕ. At x,
we compute that
0 = (Θ2)ik = d((θ2)ik) = ∂ (T
j
ikϕj) + ∂ (T
j
ikϕj)
= T j
ik,ℓ
ϕℓϕj + T
j
ik,ℓ ϕℓϕj − T jik T pjq ϕqϕp
=
1
2
(
T
j
ik,ℓ
− T ℓ
ik,j
)
ϕℓϕj +
(
T
j
ik,ℓ − T rikT jrℓ
)
ϕℓϕj ,
which establishes the two identities in the lemma. 
Let us specialize to a Lie-Hermitian manifold (G, J, g). Let e be an left invariant unitary
frame, with dual coframe ϕ. It yields that
2T jik = −Cjik −Djik +Djki, Γjik = Djik + T jik,
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where C, D are structure constants as before, but Γ now stands for the coefficients for the the
connection ∇0, which is an abuse of notation as the symbol Γ already appeared in the previous
section. Note that one could simply write 2T = −C−D+ tD and 2Γ = −C+D+ tD. It follows
that
T
j
ik,ℓ
=
n∑
r=1
(
T
j
rkΓ
i
rℓ + T
j
irΓ
k
rℓ − T rikΓrjℓ
)
.
Plugging this into (24) and using the fact that Γ− tΓ = −C, we obtain
(25)
n∑
r=1
(
T
j
rkΓ
i
rℓ + T
j
irΓ
k
rℓ + T
r
ikC
r
jℓ − T ℓrkΓirj − T ℓirΓkrj
)
= 0.
Proof of Theorem 4. Let us take advantage of the fact that J is nilpotent. By [3, Theorem
12], there will be a left invariant unitary frame e, under which
(26) Cjik = D
i
jk = 0 unless j > i, k.
In particular, T n∗n = Γ
n
∗n = 0. Hence if we let k = ℓ = n in (25), it follows that
n∑
r=1
(
T jrnΓ
i
rn − T nirΓnrj
)
= 0.
That is,
∑
rD
j
nrD
i
nr = −
∑
r C
n
irC
n
jr. If we denote by C
n the matrix with (i, j)-th entry Cnij
and by Dn the matrix with (i, j)-th entry D
j
ni, then this means that
D∗nDn + C
n(Cn)∗ = 0.
Both terms are semi-positive definite Hermitian matrices and we conclude from the above iden-
tity that Cn = Dn = 0, which implies that C and D will be zero whenever any of the indices is n.
The condition (26) on C and D now indicates that C∗n−1,∗ = 0, D
n−1
∗∗ = D
∗
∗,n−1 = 0. Therefore
we can take k = ℓ = n− 1 in (25) and repeat the argument, which leads to the conclusion that
C = D = 0 whenever any of the indices is n − 1. Keep on going, and thus we conclude in the
end that C = D = 0, which implies G is abelian. This completes the proof of Theorem 4. 
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